By using our main theorem and some recent results by Gilmer [1] , we show in several important cases that if S is an overring of R and w is any pseudo-valuation on R possessing a best filtration, then w can be extended to S. In particular, if R is a Priifer domain with quotient field K and if S is an overring of R such that S Π K = R, then w can be extended from R to S.
We begin in §1 by defining and developing properties of a best filtration and determining classes of pseudo-valuations which have best filtrations. The main results and applications are then proved in §2.
i; Filtrations* All rings are commutative, associative, and have identity. If S is an overring of R, we assume that S and R have the same identity. A pseudo-valuation on the ring R is a mapping w from R into the extended real number system such that:
(i) w(0)= oo >w (l) = 0, (
ii) w(x -y) ^ min {w(x), w(y)}, (iii) w(xy) Ξ> w(x) + w(y), for each x, yeR. w is called a homogeneous pseudo-valuation in case:
(iv) w(x 2 ) = 2w(x) for each xe R. w is called a valuation in case:
(v) w(xy) = w(x) + w(y) for each x,yeR. Pseudo-valuations were first introduced by Rees [3] . Rees proved in [3] that (iv) is equivalent to the condition that w(x n ) = nw(x) for each positive integer n and for each xeR.
These functions arise quite naturally in ring theory. where A° is defined to be R. Also note that any filtration {AJ determines a pseudo-valuation in exactly the same manner that the powers of an ideal A determines v A . For an arbitrary pseudo-valuation w on R and a subset T of R, define w(T) = inf{w(t): te T}. DEFINITION 
If w is a pseudo-valuation on R, define
Each member of the sequence {AJ is an ideal of R. The sequence defined by (1.1) has the property that A 0 Z) A x z> A 2 Z) •••. A ί+1 is not necessarily a proper subset of A*, as will be shown in Examples 1 and 2. Also note that for a given pseudo-valuation w, {xeR: w(x) = oo}c Π Ai. The following example shows that there exists pseudovaluations such that the sequence defined by (1.1) is not a filtration. Example 1 then implies that there are pseudo-valuations which do not have best filtrations. It is clear from the definition that if w has a best filtration, then it is unique. From now on we will talk about the best filtration for w. EXAMPLE 2. Let w be a pseudo-valuation on R and let {AJ be the sequence defined by (1.1) . It is possible for {AJ to be a filtration in JR, yet not be the best filtration for w. Let v be a real valued nondiscrete valuation on a field K and consider v as a pseudo-valuation on its valuation ring R υ . Since the value group of v has no smallest Therefore wiA^ < w(Ai), which implies that y e A { . Also y £ A i+1 , for if so, then w(y) > i 3 ) and (4) are clear.
The converse of the above result is also true. 
. Let w be a pseudo-valuation on R and let {B { } be a filtration in R satisfying properties (l)-(4). Then {Bi} is the best filtration for w.
Proof. Clearly x e Π B t if and only if w(x) = oo. Suppose that w(B i _ 1 ) < oo. By properties (2) and ( (1), if w(Bi^) = oo, then J8 4-1 -S i# We assume from now on that all pseudo-valuations w which are considered have the property that there exists at least one x such that 0 < w(x) < oo. LEMMA 
(a) If w is a homogeneous pseudo-valuation on R and if {Ai} is the sequence of ideals defined by (1.1), then w(Ai) < oo for each i. (b) If w is a pseudo-valuation on a ring R and if {AJ is the sequence of ideals defined by (1.1) such that each Ai is finitely generated, then wiA^) < oo implies that w(Ai) > w(Aι_-).
Proof, (a) Suppose, to the contrary, that i is the smallest positive integer such that w(Ai) = oo. Since w is nontrivial, i ^ 2. Choose xeAt_ 19 x$Ai.
Then 0 < w(x) < oo, and w(x 2 ) > w(x) ;> wiA^), so x 2 e Ai. But, w(Ai) ^ w(x 2 ) = 2w(x) < oo, contradicting the assumption that w(Ai) = oo.
(b) Let a iy , a n be a basis for A iβ Choose α A such that w(α fc ) = min {w(αi), , w(a n )}. (2) Let w and {AJ satisfy the hypothesis of the first statement of (2) . Clearly w(x) -oo implies that x e nA». Let x e Π A i9 then w(x) ^ w(Ai_ύ for each i. Since \ivn i^oa w{A^ = oo, w(x) = oo.
We will now prove the second statement of (2). Let ί; be a valuation on a noetherian ring R. By Remark 1, the sequence of ideals {AJ defined by ( (4) The first part is clear. For the second part use the same technique as in (2). 2* The main results* The following notation will be used in this section. Let S be an overring of R. If A is an ideal of R, then the extension of A to S, A-S, will be denoted by A\ If B is an ideal of S, then the contraction of B to R, B f] R, will be denoted by B\ THEOREM 
Suppose that S is an overring of R, w o eB(R), and {Ai} is the best filtration for w 0 . If each A* is a contracted ideal with respect to S, then w Q can be extended to S.
Proof. Define I?* = At for each i. Then {£J is a filtration on S. A subring R of a ring £ is said to have property C with respect to S in case each ideal of JB is a contraction of an ideal in S. In [1] , Gilmer shows that in several cases, if S is an overring of R which is integrally dependent on R, then R has property C with respect to S. Using Gilmer's theory we obtain several applications of Theorem 2, which are listed in the corollaries below. A Priifer domain is a domain R with identity in which each finitely generated ideal is invertible, or equivalently, in which R P is a valuation ring for each prime ideal P in R. An ideal A of a ring R is called a valuation ideal in case there exists a valuation ring R v containing R and an ideal B of R v such that B Π R = A. COROLLARY 
Suppose that R is a Prufer domain with quotient field K and that R is a subdomain of R^ If i^ n K = R, then every w e B(R) can be extended to R lm
Proof. By [1; p. 563, Corollary 2] , R has property C with respect to R lm Then each ideal in a best filtration for w is a contracted ideal with respect to R lm By Theorem 2, w can be extended to R L . COROLLARY The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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